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Introduction What is solidification of binary mixtures?
Introduction
What is solidification of binary mixtures?
Amer Rasheed (INSA RENNES) Solidification under action of Magnetic field 14 Octobre 2010 3 / 50
Introduction Mixture of Iron and Silicon (Fe-Si)
Introduction
Mixture of Iron and Silicon (Fe-Si)
FIGURE: This figure is taken from the work of Andrew Fairbank
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Part-I : Modeling Governing equations of the model
Governing equations of the model





+ (u · ∇)u
)
= div(~σ) + ρ T on Q = (0, Tf )× Ω,
div(u) = 0 on Q,
∂c
∂t
+ (u · ∇)c = −div (Jc) on Q,
∂e
∂t
+ (u · ∇)e = −div (Je) on Q,
∂ψ
∂t
+ (u · ∇)ψ = Mψ δS(ψ, c, e)
δψ
on Q.
u = (u1, u2, u3) : velocity field,
c ∈ (0, 1) : relative concentration,
e : energy density,
ψ ∈ [0, 1] : phase-field variable,
ρ : fluid density,
T : body force.
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Part-I : Modeling Governing equations of the model
Governing equations of the model (Cont.)
~σ = −pI + µ (∇u + (∇u)trans) : stress tensor,
p : pressure,
µ : dynamic viscosity,
Jc = Mc∇ δS(ψ,c,e)δc : diffusional flux,
Je = Me∇ δS(ψ,c,e)δe : heat flux,
Mc > 0, Me > 0 and Mψ > 0 are related to inter-diffusion coefficients
and heat conductivity of the substances A and B,










dx : entropy functional,
s : entropy density,
θ : interfacial energy parameter (which represents the gradient
corrections to the entropy density).
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Part-I : Modeling Melt flow equations
Melt flow equations
Boussinesq approximations : ρ = ρ0(1− βTT − βcc)G.
Lorentz force : F = ρeE + J× B.
J = ρeu + σe(E + u× B) and div(J) = 0.
E = −∇φ.
Lorentz force takes the form (ρe negligible)
F = σe (−∇φ+ u× B)× B.
Potential equation
∆φ = div(u× B).
ρ0 : average density, βT : thermal expansion coefficient, βc : solutal expansion coefficient,
G = (0, 0,−g) : gravity vector, ρe : electric charge density, σe : electrical conductivity, E :
electric-field intensity, J : current density, B = (B1, B2, B3) : magnetic-field, φ : electric potential.
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Part-I : Modeling Melt flow equations
Melt flow equations (Cont.)





= −∇p+ µ∆u + a1(ψ) (−βTT (x, t)− βcc(x, t)) G
+a2(ψ)σe(−∇φ+ u× B)× B + f(ψ),
div(u) = 0,
∆φ = div(u× B),
where
D/Dt = ∂/∂t+ u · ∇ : material time derivative,
ai(ψ), i = 1, 2 and f(ψ) are chosen such that ai(0) = 0 and f(0) = 0.
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Part-I : Modeling Energy equation
Energy equation















Variational derivative of S(ψ, c, e) with










Eenergy density of a binary alloy : e(ψ, c, T ) = (1− c)eA(ψ, T ) + c eB(ψ, T ).
eI (ψ, T ) = eI,S(T
I
m) + CI(T − T Im) + p(ψ)LI , I = A,B.
T Im : melting temperature, CI : heat capacity, LI : latent heat.
p(ψ) = ψ3
(
10− 15ψ + 6ψ2) and p′(ψ) = 30g(ψ) = 30ψ2(1− ψ)2.
Me = KT 2, K : thermal conductivity.







= div (K(c)∇T ),
C(c) = (1− c)CA + c CB , L(c) = (1− c)LA + c LB , K(c) = (1− c)KA + c KB .
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Part-I : Modeling Concentration equation
Concentration equation











Jc = Mc∇ δS(ψ,c,e)δc
Variational derivative of S(ψ, c, e)















f(ψ, c, T ) : free energy density of binary mixture (given by Warren and Boettinger)
f(ψ, c, T ) = (1− c)µA(ψ, c, T ) + cµB(ψ, c, T ),
µA(ψ, c, T ) and µB(ψ, c, T ) : chemical potentials,








fA(ψ, T ), fB(ψ, T ) : free energy densities of substances A and B,
R : universal gas constant, Vm : molar volume.
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Part-I : Modeling Concentration equation
Concentration equation
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Part-I : Modeling Concentration equation
Concentration equation (Cont.)




The diffusional flux can be written as
Jc = Mc (HA(ψ, T )−HB(ψ, T ))∇ψ − McR
Vmc(1− c)
∇c,











, where σI : surface energy, δI : Interface thickness, I = A,B.





D(ψ) = DS + p(ψ) (DL −DS) : A-B inter diffusion coefficient.









(HB(ψ, T )−HA(ψ, T ))∇ψ
))
.
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Part-I : Modeling Phase-field equation
Phase-field equation
















Variational derivative of S(ψ, c, e) with

























)− (1− c)HA(ψ, T )− cHB(ψ, T ))+Aθ (θ, ′θ, ∂θ∂ψ ,∇ψ
)
.
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Part-I : Modeling Model Problem
Model Problem




= −∇p+ µ∆u + a1(ψ) (−βTT (x, t)− βcc(x, t)) G
+a2(ψ)σe(−∇φ+ u× B)× B + f(ψ), on Q,
div(u) = 0, on Q,



































= ∇ · (K(c)∇T ) , on Q.
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Part-I : Modeling Two Dimensional Case
Two Dimensional Model
We work in the XZ-plane and
suppose that magnetic-field is
parallel to the XZ-plane.
In this case : u2 and potential
equations will completely be
decoupled from other equations.
For simplicity, we denote
x = (x, y), u = (u, v), B = (B1, B2). FIGURE: Problem description
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Part-I : Modeling Anisotropy and isotropy
Anisotropy and isotropy
The anisotropic operator θ can be given as
θ = 0η = 0(1 + γ0 cos(kθ))
γ0 : anisotropic amplitude.
k : mode number.
θ = tan−1 (ψy/ψx) : angle between local interface normal and a
designated base vector of the crystal lattice.
ψy = ∂ψ∂y and ψx =
∂ψ
∂x .
In the isotropic case γ0 = 0 and then θ = 0 becomes a constant.
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Part-I : Modeling Anisotropy and isotropy
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Part-I : Modeling 2D Isothermal Anisotropic Model (TDIA)
2D Isothermal Anisotropic Model (TDIA)




= −∇p+ µ∆u + βca1(ψ)c(x, t)G
+a2(ψ)σe(u× B)× B + αf(ψ), on Q,

















































= 0, on Σ = (0, T )× ∂Ω.
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Part-I : Modeling 2D Isothermal Isotropic Model (TDII)
2D Isothermal Isotropic Model (TDII)




= −∇p+ µ∆u + A1(ψ, c) + b(ψ)(u× B)× B on Q = (0, T )× Ω,
div(u) = 0 on Q,
Dψ
Dt
= 1∆ψ −A2(ψ, c) on Q,
Dc
Dt
= div (D(ψ)∇c) + div (A3(ψ, c)∇ψ) on Q,







= 0 on Σ = (0, T )× ∂Ω.
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Part-II : Mathematical Analysis Existence of solutions : TDII
Existence of solutions : TDII
Assumptions
(H1) A1(x, t, ·) is a Caratheodory function from Q× R2 into R2. For almost all (x, t) ∈ Q,
A1(x, t, ·) is a Lipschitz positive and bounded function with
0 < a0 ≤ |A1(x, t, r)|2 ≤ a1, ∀ r ∈ R2 and a.e. (x, t) ∈ Q.
(H2) A2(x, t, ·) and A3(x, t, ·) are the Caratheodory functions from Q× R2 into R. For almost
all (x, t) ∈ Q, A2(x, t, ·) and A3(x, t, ·) are Lipschitz positive and bounded functions with
0 < a˜i ≤ Ai(x, t, r) ≤ ai, ∀ i = 2, 3, ∀ r ∈ R2 and a.e. (x, t) ∈ Q.
(H3) D(x, t, ·) and b(ψ) are Caratheodory function from Q× R into R. For almost all (x, t) ∈ Q,
D(x, t, ·) and b(ψ) are Lipschitz positive and bounded function with
0 < D0 ≤ D(x, t, r) ≤ D1, ∀ r ∈ R and a.e. (x, t) ∈ Q,
0 < b0 ≤ b(x, t, r) ≤ b1, ∀ r ∈ R and a.e. (x, t) ∈ Q.
(H4) B ∈ {B ∈ (L2(Ω))2 | B1 ≤ |B|2 ≤ B2} ⊂ (L∞(Q))2 .
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Part-II : Mathematical Analysis Existence of solutions : TDII
Existence of Solutions : TDII
Theorem
Let the assumptions (H1)− (H4) are satisfied and (u0, ψ0, c0) ∈ H, then
there exists a triplet (u, ψ, c) such that










∈ L2(0, Tf ,V′),
which is the solution of the problem (TDII).
H =
{
v ∈ (L2(Ω))2 | div(v) = 0},
H = H × L2(Ω)× L2(Ω),
V =
{
v ∈ (H10 (Ω))2 | div(v) = 0},
V = V ×H1(Ω)×H1(Ω).
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Part-II : Mathematical Analysis Existence of solutions : TDII
Regularity of the Solutions : TDII
Theorem
Let (u0, ψ0, c0) ∈
(
H10 (Ω)
)2 ×H20 (Ω)×H1(Ω), and the assumptions







)2) ∩H1 (0, Tf ; (L2(Ω))2) ,
ψ ∈ L2(0, Tf ;H3(Ω)) ∩H1(0, Tf ;H1(Ω)),
c ∈ L2(0, Tf ;H2(Ω)) ∩H1(0, Tf ;L2(Ω)),
which is a solution of the problem (TDII).
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Part-II : Mathematical Analysis Uniqueness of the solution
Stability and Uniqueness of the Solution : TDII
Theorem




)2 ×H20 (Ω)×H1(Ω)× (L2(Q))2. If (u1, ψ1, c1) and (u2, ψ2, c2) are two
solutions of the problem (TDII) with the given data (u01, ψ01, c01,B1) and (u02, ψ02, c02,B2)
respectively, then we have the following estimate
‖u1 − u2‖2W11 + ‖ψ1 − ψ2‖
2
W12
+ ‖c1 − c2‖2W11 ≤ d0
(
‖u01 − u02‖2H1(Ω)
+ ‖ψ01 − ψ02‖2H2(Ω) + ‖c01 − c02‖2H1(Ω) + ‖B1 − B2‖2L2(Q)
)
.
where d0 is constant and W1i = L∞(0, Tf , L2(Ω)) ∩ L2(0, Tf , Hi(Ω), i = 1, 2.
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Part-III : Numerical Implementation and Validation Implementation
Implementation
The model problems has been solved by using the following scheme
Space Discretization
For flow equations we have used mixed finite elements (P1 − P1, Pk − Pk−1, k = 2, 3 is
the degree of polynomial) which satisfy the InfSup condition.
For the phase-field and concentration equations we have used finite elements (Pk,
k = 1, 2, 3) respectively.
The numerical resolution of the obtained nonlinear differential/algebraic system by the program
DASSL : Idea
Backward difference Euler formula.
Resulting non-linear fixed point systems are solved by using Newton method.
Linear systems are solved using Gaussian elimination method.
Comsol and Matlab are used for the implementation of numerical code.
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Part-III : Numerical Implementation and Validation Implementation
Description of DASSL : idea
The program DASSL is developed for the numerical solution of the implicit systems of
differential/algebraic equations written in the form
F (t, y, y′) = 0, y(t0) = y0.
where F , y and y′ are N dimensional vectors and y′ represents the derivative with respect to
time.







The resulting equation is then solved using Newton’s method as
ym+1n = y
m
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Part-III : Numerical Implementation and Validation Error Estimates
Error Estimates
2D Isothermal Anisotropic Model
We consider an example with exact solution
uex(x, y, t) =4pie
t−1x2(1− x)2sin(2piy)cos(2piy),
vex(x, y, t) =−2et−1x(2x2 − 3x+ 1)sin2(2piy),





ψex(x, y, t) =
1
4
et−1(cos(2pix) + cos(2piy) + 2),
cex(x, y, t) = 8e
t−1(x2(1− x)2 + y2(1− y)2).
We postulate the error estimates given below :
‖Ψh −Ψex‖L2 ≤ C(τ + hk+1)
‖ph − pex‖L2 ≤ C(τ + hk)
where Ψ = u or ψ or c.
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Part-III : Numerical Implementation and Validation Error Estimates
Error Estimates
To study the convergence, we have
constructed a sequence of five
unstructured meshes with decreasing
spatial step h.
No. h NE NBE
1 0.2 106 5
2 0.15 200 7
3 0.1 434 10
4 0.05 1712 20
5 0.01 42904 100
TABLE: Mesh Statistics
NE : Number of elements,
NBE : Number of boundary elements.
FIGURE: Meshes used for Convergence
study.
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Part-III : Numerical Implementation and Validation Error Estimates
Error Estimates












































































FIGURE: Error curves for u, p, ψ and c.
Slope P1 − P1 P2 − P1 P3 − P2
for u 1.9041 2.7664 4.0303
for p - 2.3462 3.4302
for ψ 1.9625 2.7664 4.0303
for c 1.9632 2.7664 4.0303
TABLE: Order of convergence for u, p, ψ and c w. r. to spatial step h.
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Part-III : Numerical Implementation and Validation Error Estimates
Error Estimates






































































FIGURE: Error curves for u, p, ψ and c.
Slope P1 − P1 P2 − P1 P3 − P2
for u 0.8774 0.9011 0.9152
for p - 1.0032 0.9944
for ψ 0.9967 0.9821 0.9856
for c 1.0040 0.9792 0.9815
TABLE: Order of convergence w. r. to time step.
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Part-III : Numerical Implementation and Validation Stability Analysis
Stability Analysis
To check the stability of the numerical
scheme, we have made three kinds
of following tests
E (Φ − Φex) = ‖Φ − Φex‖L2(Q),
Φ = u or p or ψ or c.
E (Φ − Φapp) = ‖Φ − Φapp‖L2(Q)
For different values of , we have shown
the solutions curves. FIGURE: Random function.
with  = 0.01, 0.05, 0.10, 0.15, 0.20, 0.30, 0.40.
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Part-III : Numerical Implementation and Validation Stability Analysis
Stability Analysis








TABLE: Slopes of norm E(Φ − Φex) and
E(Φ − Φapp).
Φ = u or p or ψ or c,
Ψ = u or ψ or c.























(a) E(Ψ − Ψapp).
















(b) E(p − papp).


























(c) E(Ψ − Ψex).

















(d) E(p − pex).
FIGURE: Slopes of Norm
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Part-III : Numerical Implementation and Validation Stability Analysis
Stability Analysis
FIGURE: Solution curves for u, p, ψ and c for different .
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Part-IV : Realistic Solidification of Nickel-Copper Solidification initialization
Realistic Solidification of Ni-Cu
Solidification initialization
Sym Nickel (A) Copper (B)
Tm 1728K 1358K





β 3.3× 10−3m/K/s 3.9× 10−3m/K/s
δ 8.4852× 10−8m 6.0120× 10−8m
ρ 7810Kg/m3 8020Kg/m3
µ 4.110× 10−6Pa s 0.597× 10−6Pa s
σ 0.37J/m2 0.29J/m2
σe 14.3× 106S/m 59.6× 106S/m




TABLE: Physical values of constants
Inside solid initial seed
u = 0, ψ = 0, c = 0.472,
Outside initial seed
u = 0, ψ = 1, c = 0.497.
FIGURE: Solidification initialization.
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Part-IV : Realistic Solidification of Nickel-Copper Types of meshes used in simulations
Mesh Type
FIGURE: Mesh type-I contains 128× 128
nodes
FIGURE: Mesh type-II contains 64× 64
nodes outside and 128× 128 nodes inside the
square.
- P2 − P1 P3 − P2
Mesh-I points 16641 16641
Mesh-I elements 32768 32768
degree of freedom 280837 890054
Estimated time 29 hrs ? hrs
Mesh-II points. 12417 12417
Mesh-II elements 24576 24576
degree of freedom 210053 493317
Estimated time 18 hrs 10 days
TABLE: Mesh statistics
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Behavior of dendrites under the influence of B
We present the influence of magnetic-field on the dendrite growth of
Nickel-Copper mixture
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Without magnetic field, P2 − P1
FIGURE: Phase-field ψ, concentration c and velocity field u.
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of B at 45◦, P2 − P1
FIGURE: Phase-field ψ, concentration c and velocity field u.
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of B = (cosx, sin y), P2 − P1
FIGURE: Phase-field ψ, concentration c and velocity field u.
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of B =
(





, P2 − P1
FIGURE: Phase-field ψ, concentration c and velocity field u.
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Dendrite comparison
(a) B = 90◦ (b) B = 45◦ (c) B = (cosx, sin y)





FIGURE: Level set of phase-field at ψ = 1/2. Comparison without B (Blue) and with B at 90◦,
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of anisotropic amplitude γ0
(a) γ0 = 0.02 (b) γ0 = 0.04 (c) γ0 = 0.06
FIGURE: Level set of phase-field at ψ = 1/2 with γ0 = 0.02, 0.04, 0.06 and B = (cosx, sin y).
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of interface thickness δ
(a) δ = 0.03 (b) δ = 0.05 (c) δ = 0.07
FIGURE: Level set of phase-field at ψ = 1/2 with δ = 0.03, 0.05, 0.07 and B = (sinx, cos y).
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of B at 45◦, P3 − P2
FIGURE: Phase-field ψ, concentration c and velocity field u.
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
(FilmPsi4.avi)
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
Influence of B = (sinx, cos y), P3 − P2
FIGURE: Phase-field ψ, concentration c and velocity field u.
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Part-IV : Realistic Solidification of Nickel-Copper Behavior of dendrites under the influence of magnetic-field
(FilmPsiVariMagFULL.avi)
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Part-V : Control Problem
Control Problem (2DII Model)
Let U be a space of controls which is assumed to be Hilbert space and let Ua be its non-empty
closed subset which is taken as admissibility set of controls and is defined by
Ua =
{
B = (B1, B2) ∈
(
L2(Ω)
)2 | 0 < b1 ≤ B1 ≤ b2 <∞, 0 < b′1 ≤ B2 ≤ b′2 <∞},
W =W11 ×W12 ×W11 , W1i = L∞(0, Tf , L2(Ω)) ∩ L2(0, Tf , Hi(Ω), i = 1, 2.
The optimal control, we consider is the following :


















αi > 0 and αi ≥ 0 for i = 1, 2, 3, and Xobs = (uobs, ψobs, cobs) ∈ L2(Q) is given and
represent the target variable.
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Part-V : Control Problem Existence of Solution
Existence of Solution




and X∗ is the solution of the (TDII) model, corresponding to B.
Theorem
Let the assumptions (H1)-(H4) be fulfilled. In addition the operators A1(ψ, c),
Ai(ψ, c) i = 2, 3, D(ψ) and b(ψ) are differentiable w. r. to ψ and c and their
derivative are Lipschitz continuous in Q. Then optimal control (2) has at least
one solution B∗ in Ua.
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Part-V : Control Problem Optimality Condition
Optimality Condition
Theorem
Under the hypothesis of previous theorem. Let B∗ ∈ Ua be an optimal control defined by (1) and
X∗ ∈W be the optimal state such that X∗ = F(B∗) is the solution of (TDII). Then there exists a




− (u∗ · ∇) u˜ + (∇u∗)tr u˜ + ψ˜∇ψ∗ + c˜∇c∗ = −∇p˜+ α ∆u˜
+b(ψ∗)
(
B∗ × (B∗ × u˜))+ α1(u∗ − uobs) on Q
div(u˜) = 0. on Q
−∂ψ˜
∂t













+div (A3(ψ∗, c∗)∇c˜) + κa′1(ψ∗)B∗u˜ + α2(ψ∗ − ψobs) on Q
−∂c˜
∂t
− (u∗ · ∇) c˜ = div (D(ψ∗)∇c˜)− ∂A3(ψ
∗, c∗)
∂c∗







· u˜ + α3(c∗ − cobs) on Q.
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Part-V : Control Problem Optimality Condition
Optimality Condition (Cont.)
Theorem
with the final conditions (
u˜, ψ˜, c˜
)
(t = Tf ) = (0, 0, 0) , in Ω,







= 0. on Σ





(B∗ × u˜)× u∗ + u˜× (u∗ × B∗))+ κa1(ψ∗)u˜ + β B∗) · (B− B∗) dxdt ≥ 0.
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